A group G is called mixed identity-free if for every n ∈ N and every w ∈ G * F n there exists a homomorphism ϕ : G * F n → G such that ϕ is the identity on G and ϕ(w) is nontrivial. In this paper, we make a modification to the construction of elementary amenable lacunary hyperbolic groups provided by Ol'shanskii, Osin, and Sapir in [8] to produce finitely generated elementary amenable groups which are mixed identity-free. As a byproduct of this construction, we also obtain locally finite p-groups which are mixed identity-free.
Introduction
Let F = F (x, y, . . .) denote the free group with basis {x, y, . . .}. A group G is said to satisfy the mixed identity w = 1 for some w ∈ G * F if for every homomorphism ε : G * F → G which is identical on G, the image of w under ε is trivial. The mixed identity w = 1 is called nontrivial if w is a nontrivial element of G * F . Mixed identities may be viewed as generalizations of the usual group identites. For example, while any abelian group satisfies the nontrivial identity [x, y] = 1, any group G with nontrivial center Z(G) satisfies the nontrivial mixed identity [x, g] = 1 for any element g ∈ Z(G)\{1}. Importantly, a group can satisfy a nontrivial mixed identity while failing to satisfy any nontrivial identity, as shown below. Example 1.1. Let A and B be nontrivial groups. Then direct product G = A × B satisfies the mixed identity [[x, a], b] = 1 which is nontrivial for any choice of a ∈ A\{1} and b ∈ B\{1}. If, furthermore, A does not satisfy any nontrivial identity, then G also fails to satisfy any nontrivial identity, since if w = 1 holds in G for some w ∈ F , it must also hold in any subgroup of G.
G is called mixed identity-free (hereafter abbreviated MIF ) if it does not satisfy any nontrivial mixed identity. Groups that are MIF are subject to strict structural restrictions. For example, MIF groups do not decompose as nontrivial direct products (as demonstrated above) and have infinite conjugacy class property. For finitely generated groups, the property of being MIF implies infinite girth. MIF groups also resemble free products from the model theoretic point of view, i.e. a countable group G is MIF if and only if G and G * F n are universally equivalent as G-groups for all n ∈ N. (For proofs, see [6, Prop. 5.3, 5.4 ].)
In [6] , Hull and Osin call for an example of a finitely generated MIF amenable group and suggest that the elementary amenable lacunary hyprbolic groups constructed in [8] are reasonable candidates. In this paper, we show that a modification to this construction yields the following. Theorem 1.2. There exists a 2-generated elementary amenable group which is MIF.
Moreover, as a byproduct of the construction, we obtain the following: Theorem 1.3. For each prime p, there exists a locally finite p-group which is MIF.
We end the paper by examining two other reasonable candidates for examples of finitely generated MIF amenable groups, the Grigorchuk group and the identity-free amenable groups of infinite girth constructed by Akhmedov in [1] , and show that in each case, the group in question satisfies a nontrivial mixed identity.
Preliminaries

Mixed identities
Given a group G, the following remark allows us to simplify the problem of showing that G is MIF by considering only mixed identities arising from elements of G * x .
Remark 2.1. Observe that for any nontrivial element g ∈ G, the extension of the identity map on G to a map ι :
given by sending x i → x i gx i is an embedding. As a result, G satisfies a nontrivial mixed identity u = 1 for some u ∈ G * F (x 1 , . . . , x n ) if and only if G satisfies a nontrivial (single-variable) mixed identity v = 1 for some v ∈ G * x .
It will be helpful when considering single-variable mixed identities to have the following notation. Given an element w(x) ∈ G * x and an element g ∈ G, let w(g) denote the image of w(x) in G under the homomorphism G * x → G given by taking the identity map on G and sending x → g.
An outline of the Ol'shanskii-Osin-Sapir construction
Definition 2.2. Let G and H be groups with a homomorphism ε : G → H, and let S a generating set for G. Provided ε is not injective, the injectivity radius of ε with respect to S is the maximal radius of a ball in the Cayley graph Γ(G, S) about 1 G on which ε is injective. If ε is injective, then the injectivity radius of ε is infinity.
A group G is called lacunary hyperbolic if at least one of its asymptotic cones is an R-tree. Equivalently (via [8, Thm. 3.3]), Definition 2.3. A group G is called lacunary hyperbolic if there exists of groups G i with corresponding finite generating sets S i and epimorphisms ε i : G i ։ G i+1 such that the following conditions hold.
(i) G is the direct limit of the sequence
(iv) Let r(ε i ) denote the injectivity radius of ε i with respect to the generating set S i . Then
In [8] , Ol'shanskii, Osin, and Sapir provide a construction of elementary amenable groups satisfying the direct limit characterization of lacunary hyperbolicity above. As the main result of this paper arises as a modification of this construction, we present a brief overview the construction below, highlighting the key ingredients necessary to make this modification.
Remark 2.4. It should be noted that while the goal of the construction in [8] is a direct limit satisfying the conditions of Definition 2.3, the guarantee of these conditions is an optional element of the direct limit construction in this paper. (See Remark 3.6 for a modification of the construction in this paper which ensures that these conditions are met so that the resulting group is lacunary hyperbolic.)
Given a prime number p and a non-decreasing sequence c of natural numbers c 1 ≤ c 2 ≤ . . ., define the following. Let A 0 = A 0 (p) be the group
and let R n denote the collection of relations of the form
Notice firstly that the group A is a locally nilpotent group generated by elements of order p and is thus a locally finite p-group. Indeed, every finitely generated subgroup of A is contained in a subgroup B = a −N , . . . , a N for some N ∈ N. Since B is a nilpotent group generated by finitely many elements of finite order, it is a finite group, and moreover, since all of its (nontrivial) generators are of order p, B is its own unique Sylow p-subgroup and is thus a p group.
Secondly, observe that A n and A admit automorphisms ϕ n and ϕ respectively, both given by extending the map on generators a i → a i+1 , i ∈ Z. Define the group G = G(p, c) to be the extension of A by ϕ, i.e.
Then G is clearly 2-generated (G = a 0 , t ), and since G is (locally finite p-group)-by-(infinite cyclic), it is elementary amenable.
Similarly, for n ∈ N ∪ {0}, define the group G n = G n (p, c 1 , . . . , c n ) to be
and observe that for each n, the natural quotient map A n ։ A n+1 extends via the identity on t to a map ε n : G n ։ G n+1 so that the group G is the direct limit of the sequence
For each n ∈ N, define S n to be the generating set {a 0 , t} of G n . In this framework, the key result in the construction from [8] is the following lemma:
The groups G n are hyperbolic, and, provided the sequence c grows fast enough, the sequence (2) (with generating sets S n = {a 0 , t} for each G n ) satisfies all conditions of Definition 2.3 so that the direct limit of this sequence, G(p, c), is lacunary hyperbolic.
Remark 2.6. In particular, the proof of this lemma shows that given a finite subset F n of G n , any sufficiently large choice of c n+1 guarantees that the map ε n : G n ։ G n+1 is injective on F n .
Proof of the main result
Since for any prime number p and any non-decreasing sequence c of natural numbers the group G(p, c) is 2-generated and elementary amenable, the proof of Theorem 1.2 is reduced to the following proposition. To prove this proposition, we will need two lemmas and the following definition. Remark 3.4. It should be noted that trivial finite radical is a necessary condition for a nonelementary hyperbolic group to be MIF. Indeed, for any group G with nontrivial finite normal subgroup N of size n and any g ∈ N \{1}, G satisfies the nontrivial mixed identity [x n! , g] = 1.
Lemma 3.5. For each n ∈ N, the groups G n defined by (1) are non-elementary hyperbolic with trivial finite radical.
Proof. For each n ∈ N, the group G n admits an epimorphism onto the wreath product (Z/pZ) wr Z (given by adding the relations [a i , a j ] for all pairs i, j ∈ Z) and so G n is not virtually cyclic. The group G n is hyperbolic by Lemma 2.5.
To see that G n has no nontrivial finite normal subgroups, first observe that any element g of G n may be written as
where g 1 , g 2 , . . . , g k ∈ A n and α 1 , α 2 . . . , α k ∈ Z. Rewriting the element as
an element of A n so that g = at β k for some element a ∈ A n . Now observe that if β k = 0, then g ∈ A n , and if β k = 0, then the image of g in G n mod the normal closure of A n is of infinite order, and thus g is of infinite order. Thus all finite-order elements of G n are contained in A n . So if H is a finite subgroup of G n , then H ≤ a −N , . . . , a N for some N ∈ N. But such a subgroup cannot be both normal in G n and nontrivial, since
We can now prove Proposition 3.1.
Proof of Proposition 3.1. Set c 1 = 1 and define the set F 1 = {1 G 1 }. Fix an enumeration {w i (x)} i∈N of the elements of G 0 * x . Now given c k , the resulting group G k , and a finite subset F k ⊆ G k , choose c k+1 and F k+1 as follows. Let
If w k,G k (x) = 1, first observe that by by Lemma 3.5, G k is non-elementary hyperbolic with trivial finite radical. By Lemma 3.3, G k is MIF, so there exists g k ∈ G k such that w k,G k (g k ) = 1. In this case, add w k,G k (g k ) to F k . Now choose c k+1 large enough so that the resulting ε k is injective on F k . (This is possible by Remark 2.6.) Define
After choosing a sequence c in the above manner, It remains to show that the group G = G(p, c) is MIF.
For each k ∈ N define the homomorphism
to be the extension of the natural quotient map G k → G given by sending x → x. To see that G is MIF, first observe that if w(x) ∈ (G * x )\{1}, then there exists some i ∈ N such that σ 0 (w i (x)) = w(x), and furthermore, since w(x) is nontrivial, w i,G i (x) = 1. By construction,
and σ i is a homomorphism, we have that σ i (w i,G i (g i )) = w(σ i (g i )). Thus w(σ i (g i )) = 1, and so w(x) = 1 is not a mixed identity on G. Since w(x) was arbitrary, this shows that G is MIF.
Remark 3.6. The above construction may be modified so that the resulting group G(p, c) is lacunary hyperbolic. To do so, begin by fixing a function f : N → N so that n = o(f (n)). Then, during the step at which c k+1 is to be chosen, make the following alteration. Let δ k denote the hyperbolicity constant of G k with respect to the generating set S k = {a 0 , t}, and let r(ε k ) denote the injectivity radius of ε k with respect to the generating set S k . Now choose c k+1 large enough so that in addition to being injective on F k , the resulting ε k satisfies r
as before, and proceed in the same way. Then, after choosing the sequence c, observe that the resulting group G(p, c) is lacunary hyperbolic by Lemma 2.5.
To prove Theorem 1.3, we need the following result. 4 Notable examples of finitely generated amenable groups which are not MIF
In this section, we examine two other reasonable candidates for examples of finitely generated MIF amenable groups and explain why they fail to be MIF.
The Grigorchuk group
Given a binary rooted tree T 2 , we may think of the nodes of T 2 as finite binary strings (where the root is represented by the empty string). The Grigorchuk group G is defined to be the subgroup of Aut(T 2 ) generated by elements a, b, c, and d whose actions on binary strings w ∈ {0, 1} * are as follows.
The Grigorchuk group was initially constructed in [4] and was shown in [5] to be the first known example of a finitely generated group with intermediate growth. 
Akhmedov's construction of amenable groups with infinite girth
Given a finitely generated group G, the girth of G is defined to be the infimum of all n ∈ N such that for every finite generating set S of G, the Cayley graph Γ(G, S) contains a cycle of length at most n without self-intersections (see [9] ). In [1] , Akhmedov details the construction of a finitely generated amenable group of infinite girth which does not satisfy any nontrivial identity. Such a group is a promising candidate for a finitely generated MIF amenable group not only because it is already identity-free, but also because by [6, Prop. 5.4(d) ], infinite girth is a requisite property for finitely generated MIF groups. However, the group constructed in [1] is a nontrivial (restricted) wreath product, and all such groups satisfy a nontrivial mixed identity. Indeed, for any wreath product (restricted or unrestricted), we have the following. 
